Results about wreath products of circulant graphs are used to construct infinitely many circulant graphs with efficient dominating sets whose elements need not be equally spaced in Z n . It is proved that if a circulant graph of large degree has an efficient dominating set, then either its elements are equally spaced, or the graph is the wreath product of a smaller circulant graph with an efficient dominating set and a complete graph.
Introduction
The general problem of finding graphs that have an efficient dominating set, a set of vertices for which the balls of radius one partition the vertex set, was first considered by Biggs [1] and Kratochvíl [6] . Efficient dominating sets are also called perfect codes. The present paper concerns the problem of characterizing the undirected circulant graphs which have an efficient dominating set.
Lee proved that a Cayley graph on an Abelian group has an efficient dominating set if and only if it is a covering graph of a complete graph [7] . Dejter and Serra gave a method for constructing countable families of Cayley graphs that each have an efficient dominating set [3] . Efficient dominating sets in certain Cartesian products, where the factors are Cayley graphs on an Abelian group, are shown to exist by Mollard [9] . Obradović, Peters and Ružić characterized the circulant graphs of degree two, three and four that have efficient dominating sets [10] . Further related work is due to Martinez et al. [8] and van Weiren et al. [13] .
A consequence of the results of Obradović, Peters and Ružić [10] is that, for circulant graphs of degree two, three or four, the vertices in the efficient dominating set are equally spaced, that is, are a coset of a subgroup of Z n . Symmetry properties of efficient dominating sets in Cayley graphs have been noticed by others [12, 5] .
Obradović et al. also give an example of a circulant graph of degree eight with efficient dominating sets which do not display such symmetry. We explain the structure of their example in terms of wreath products and cosets, and note three consequences of doing so. First, we show that, for every integer m ≥ 2, there is a circulant graph of degree 3m − 1 in which the elements of an efficient dominating set need not be equally spaced. With m = 2 this construction gives such a circulant graph of degree five. Hence the only circulant graphs of small degree in which the elements of an efficient dominating set are necessarily equally spaced in Z n are those found by Obradović, Peters and Ružić. Second, our explanation exposes symmetry in the efficient dominating sets of circulant graphs which are the wreath product of a smaller circulant with an efficient dominating set and a complete graph. Finally, our methods make it possible to prove results about efficient dominating sets in circulant graphs of degree n/2 − 1 and n/3 − 1. If such a graph has an efficient dominating set, then either the vertices of every such set are equally spaced, or the graph is a wreath product of a smaller circulant graph with this property and a complete graph. It may be that this is true for all circulant graphs. Examples of graphs that have efficient dominating sets include complete graphs, paths on 3k vertices and cycles on 3k vertices (and no other paths and cycles). Lee proved that the k-dimensional cube, Q k , has an efficient dominating set if and only if k = 2 t −1 for some t [7] . The words of the Hamming Code of length k are such a set. (For information about Hamming Codes, see Hill [4] .)
Definitions and background
Let S be a subset of Z n such that 0 ̸ ∈ S and x ∈ S implies −x ∈ S. The circulant graph with distance set S is the graph Circ(n, S) with vertex set Z n and vertex x adjacent to vertex y if and only if x − y ∈ S. Circulant graphs are also known as loop graphs or loop networks.
It is clear from the definition that Circ(n, S) is vertex-transitive and regular of degree |S|. Consequently, if D is an efficient dominating set, |D|(1 + |S|) = n.
Wreath products
Let G and H be graphs. The wreath product of G and H is the graph, G wr H with vertex set
and edge set
Informally, G wr H is the graph obtained by replacing each vertex of G by a copy of H and putting all possible edges between copies of H that replaced adjacent vertices of G. The graph C 6 wr K 3 is shown in Fig. 1 . It follows from the definition that for each x ∈ V (G) the subgraph of G wr H induced by {(x, y) : y ∈ V (H)} is isomorphic to H. Similarly, the subgraph induced by any set of |V (G)| vertices, no two of which have the same first coordinate, is isomorphic to G.
The following statement about wreath products of circulant graphs was proved by Broere and Hattingh [2] . For d ∈ Z k , the symbol ⟨d⟩ denotes the subgroup of Z k generated by d.
Proposition 3.1 ([2]). If G = Circ(n, S) and H = Circ(m, T ) are circulant graphs, then G wr H is isomorphic to F = Circ(mn, nT ∪ (∪ s∈S nZ m + s)). Further, the subgraph of F induced by choosing one representative from each coset of ⟨n⟩ is isomorphic to G, and the subgraph of F induced by any coset of ⟨n⟩ is isomorphic to H.
We describe the main ideas of the proof with reference to Fig. 1 . Since C 6 ∼ = Circ(6, {1, 5}) and K 3 ∼ = Circ(3, {1, 2}), we have n = 6 and m = 3. The bijection, f , from Z 6 × Z 3 to Z 18 given by f ((v 1 , v 2 )) = v 1 + 6v 2 gives the vertex numbering shown. The vertices of the copy of K 3 that replaced vertex i of C 6 are labeled with the elements of the coset
If one representative is chosen from each of the six cosets, then the induced subgraph is isomorphic to C 6 . Since the labels of vertices in each copy of K 3 that replaced a vertex of C 6 differ by multiples of 6, the differences between them become 6 {1, 2} = {6, 12}. The edges of C 6 wr K 3 arising from edges of C 6 must join all vertices in ⟨6⟩ + i to ⟨6⟩ + j whenever i − j ∈ {1, 5}. The set of differences of labels of vertices in these sets is
The proof of the following proposition is straightforward and omitted. Referring again to Fig. 1, C 6 has the efficient dominating set D G = {0, 3} and {1} is an efficient dominating set of K 3 . Hence {(0, 1), (3, 1)} = {6, 9} is an efficient dominating set of C 6 wr K 3 .
The following is similar to Lemma 2.2 in the paper by Sim and Kim [11] . Note that the complete graph K n is the circulant graph Circ(n, {1, 2, . . . , n − 1}). The example given by Obradović, Peters and Ružić [10] is F = Circ(3 × 9, {2, 7, 9, 11, 16, 18, 20, 25}). For the subgroup ⟨9⟩ = {0, 9, 18} we have S ∪ {0} = ⟨9⟩ ∪ (⟨9⟩ + 2) ∪ (⟨9⟩ + 7). Hence F ∼ = (C 9 wr K 3 ). The graph C 9 ∼ = Circ(9, {2, 7}) has an efficient dominating set, for example {0, 3, 6}. Therefore, any collection of representatives of the corresponding cosets of ⟨9⟩ in Z 27 is an efficient dominating set of F . These are the 3-sets {a, b, c}, where a ∈ ⟨9⟩ = {0, 9, 18}, b ∈ (⟨9⟩ + 3) = {3, 12, 21}, and c ∈ (⟨9⟩ + 6) = {6, 15, 24}. The efficient dominating sets all have some symmetry, but the symmetry is with respect to C 9 rather than F . Proposition 3.2 and Corollary 3.4, together, show that the wreath product operation can be used to generate infinitely many examples of circulant graphs with efficient dominating sets whose elements need not be equally spaced. In particular, for any m ≥ 2, the wreath product of a cycle of length 3k and K m is a circulant graph of degree 3m − 1 for which the efficient dominating sets need not be evenly spaced. For the graph in Fig. 1 , the efficient dominating sets are the pairs {a, b} where a ∈ {0, 6, 12} and b ∈ {3, 9, 15}. Not all of these are equally spaced. Any characterization of the circulant graphs of degree d ≥ 5 that admit an efficient dominating set D cannot imply cyclic symmetry of the vertices in D.
Results for circulant graphs of large degree
The largest possible values of the degree of an n-vertex circulant graph, which is not complete and which might have an efficient dominating set, are (n/2) − 1 and (n/3) − 1. These graphs have domination number two and three, respectively.
We use ideas from the previous sections to completely describe their efficient dominating sets.
We call a circulant graph reducible if it is a wreath product of a smaller circulant graph and a complete graph with at least two vertices; otherwise, we call it irreducible. By Theorem 3.3, Circ(n, S) is reducible if and only if S ∪ {0} is a union of cosets of ⟨d⟩ for some divisor d of n with d > 1. It must be shown that Circ(d, X ) is irreducible. Suppose not. Then there exist p, q and Y such that q ≥ 2 and Circ(d, X ) ∼ = Circ(p, Y ) wr K q . But then, since the wreath product is associative,
By Theorem 3.3, the set S ∪ {0} is a union of cosets of ⟨p⟩. Since m and q are both at least two, p < d contrary to the definition of d. This completes the proof. Proof. We have |D| = 2. Without loss of generality, 0 ∈ D.
If 2d ̸ ≡ 0 mod 2k, then 2d ∈ S and it follows that ⟨2d⟩ ⊆ S 0 . Similarly ⟨2d⟩ + s ⊆ S 0 for every s ∈ S 0 . That is, S 0 is a union of cosets of ⟨2d⟩. Proof. If G is irreducible then the statement follows from Theorem 4.2. Suppose, then, that G is reducible, and let d ≥ 2 be the smallest integer such that S ∪ {0} is a union of cosets of ⟨d⟩.
The result now follows from Corollary 3.4.
Essentially the same arguments show that the same results holds when the degree is (n/3) − 1. 
If 2d 
Summary and future work
The problem of characterizing the circulant graphs that admit an efficient dominating set is not solved. When the degree is at most four, a complete characterization giving both the number of vertices and the possible distance sets can be found in the work of Obradović, Peters and Ružić [10] . Their characterizations imply that the efficient dominating sets are equally spaced. Hence our results imply that theorems of this type are not possible when the degree is at least five and congruent to two modulo three.
We have characterized the efficient dominating sets in circulant graphs with domination number two and three. Either the circulant graph is irreducible and all efficient dominating sets are equally spaced, or the circulant graph is reducible and is the wreath product of a smaller, irreducible circulant graph F and a complete graph on at least two vertices. In the latter case, the efficient dominating sets arise from first noting an (equally spaced) efficient dominating set D of F and then choosing one vertex from each complete graph that replaced each vertex of D.
We close with several questions.
(1) Are there circulant graphs of degree 3m or 3m + 1 for which all efficient dominating sets have equally spaced vertices?
In particular, what happens for degree six? (2) Do results similar to Theorems 4.2 and 4.4 and their corollaries hold in general? It seems that methods similar to those in the proofs of these Theorems can be used to show that every efficient dominating set of size at most four in a Cayley graph on an Abelian group is equally spaced. (3) Is it possible to give a better structural characterization of the irreducible circulant graphs that admit efficient dominating sets than is given by Theorem 3.3?
